Abstract Let M be the interior of a compact, orientable 3-manifold with non-empty boundary consisting of a disjoint union of tori, and let T be an ideal triangulation of M. The affine algebraic set D(M ; T ), a subset of which parameterises (incomplete) hyperbolic structures obtained on M using T , is defined and compactified by adding projective classes of transversely measured singular codimension-one foliations of (M ; T ). This leads to a combinatorial and geometric variant of well-known constructions by Culler, Morgan and Shalen concerning the character variety of a 3-manifold.
Introduction
Let M be the interior of an orientable, compact 3-manifold with non-empty boundary consisting of a disjoint union of tori, and T be an ideal (topological) triangulation of M. Following an approach sketched by Thurston [15] in 1981, projective classes of transversely measured singular codimension-one foliations of (M ; T ) are associated to degenerations of ideal hyperbolic triangulations of M which are parameterised by an affine algebraic set D(M ; T ). This set is also related to the study of representations of π 1 (M ) into P SL 2 (C), giving an explicit understanding of the constructions in [7, 8] by Culler, Morgan and Shalen concerning ideal points of varieties related to representations into SL 2 (C) and P SL 2 (C) for the special class of 3-manifolds considered here. A similar construction was given by Yoshida [21] for hyperbolic 3-manifolds with one cusp.
The deformation variety D(M ; T ) of M describes hyperbolic structures for the ideal 3-simplices in T subject to certain gluing equations. It is usually birationally equivalent to Thurston's parameter space, which appears for example in [14, 11, 5, 4] . The latter requires the choice of an edge for each tetrahedron, whilst the former keeps the symmetries of the triangulation. Let π + ⊂ C denote the complex upper-half plane. The deformation variety has the following basic properties: Theorem 1 Let M be the interior of a compact, orientable 3-manifold with non-empty boundary consisting of a disjoint union of h tori, and let T be an ideal (topological) triangulation of M with n tetrahedra.
(1) For each Z ∈ D(M ; T ) ∩ π 3n + , M has a (possibly incomplete) hyperbolic structure, such that T is isotopic to an ideal hyperbolic triangulation. 
(4) The variety D(M ; T ) is non-empty only if all edges of T are essential.
If M admits a complete hyperbolic structure of finite volume, then there is a discrete and faithful representation of π 1 (M ) into P SL 2 (C), whose character lies on the Dehn surgery component X 0 (M ) of X(M ).
Theorem 2 If M admits a complete hyperbolic structure of finite volume, then D(M ; T ) is non-empty if and only if all edges of T are essential. If D(M ; T ) is non-empty, then X 0 (M ) is in the image of χ T .
The material described up to now is contained in Section 2. In Section 3, the set of ideal points D ∞ (M ; T ) is defined to be Bergman's logarithmic limit set of D(M ; T ). This compactification turns out to have the following explicit geometric interpretation:
An ideal hyperbolic tetrahedron in IH 3 is the convex hull of four distinct points on the sphere at infinity. It can be positively or negatively oriented and is flat (an ideal quadrilateral) if its ideal vertices lie on a round circle. It degenerates as one of its ideal vertices is moved to coincide with another. The deformation variety describes the shapes of ideal hyperbolic tetrahedra, and has the property that an ideal point of D(M ; T ) is approached if and only if some tetrahedron degenerates. The main result in Section 3 shows that D ∞ (M ; T ) can be identified with a compact subset in the projective admissible solution space N (M ; T ) of [19] , which parameterises certain transversely measured singular codimension-one foliations of (M ; T ). A degenerating tetrahedron is seen to become very long and thin. It converges in the Gromov-Hausdorff sense to a dual spine if the hyperbolic metric is suitably rescaled, and it inherits a singular codimension-one foliation from the collapse as shown in Figure 1 . Section 5 turns this observation into an analysis of the ideal points via actions on IR-trees. Let ξ ∈ D ∞ (M ; T ) and N = N (ξ) ∈ N (M ; T ) be the corresponding admissible projective class. Then N defines a transversely measured singular codimension-one foliation F ; if ξ has rational coordinate ratios, then there is also an associated normal surface S(ξ) corresponding to a closed (not necessarily connected) leaf. The ideal triangulation and the foliation lift to the universal cover M of M, and the leaf space M / F is turned into an IR-tree T N on which π 1 (M ) acts by isometries with translation length function l N . Each ideal 3-simplex in M is imbued with a hyperbolic structure, and M / F is suitably interpreted as a limit of ( M , T ) as the ideal triangulation degenerates. There is an associated degeneration of the hyperbolic space IH 3 with a limiting action of π 1 (M ) with length function l ξ coming from a sequence of representations. The function l ξ is not canonical, but it has the property that 0 ≤ l ξ (γ) ≤ l N (γ) for all γ ∈ π 1 (M ). This is the main element of the proof of the following result; some of the notation and terminology is explained after the statement.
Theorem 3 Let M be the interior of a compact, orientable, irreducible 3-manifold with non-empty boundary consisting of a disjoint union of tori, and let T be an ideal triangulation of M. Let ξ ∈ D ∞ (M ; T ) and N = N (ξ) ∈ N (M ; T ).
The action on T N is non-trivial if ν N (γ) = 0 for some peripheral element γ ∈ π 1 (M ). In particular, if ξ has rational coordinate ratios, then the surface
S(ξ) is non-trivial if it is non-compact.
A surface is non-trivial if it is essential or can be reduced to an essential surface by performing compressions and then possibly discarding some components. A non-compact normal surface is also called a spun-normal surface. The number ν N of [19] determines the minimal transverse measure of a peripheral homotopy class. Its relationship with the action on the tree is established in Section 4, where it is also shown that the boundary curves of the spun-normal surfaces in D ∞ (M ; T ) are the boundary curves of essential surfaces which are strongly detected by the character variety.
Two further remarks to the above theorem should be added. Firstly, it can be viewed as a generalisation of Yoshida's main result in [21] . Secondly, it is sharp in the sense that there is a closed normal surface associated to an ideal point of the deformation variety of the Whitehead link complement (with its standard triangulation) which is not essential.
Morgan and Shalen compactified the character variety of a 3-manifold by identifying ideal points with certain actions of π 1 (M ) on IR-trees (usually giving an infinite-dimensional space), and dual to these are codimension-one measured laminations in M (see [8] ). This paper has taken a different but related approach by compactifying the deformation variety with certain transversely measured singular codimension-one foliations (a finite union of convex rational polytopes), and dual to these are (possibly trivial) actions on IR-trees. The relationship between these compactifications is investigated in the last parts of Section 5, with focus on the original consideration of ideal points of curves and surfaces dual to Bass-Serre trees due to Culler and Shalen [7] . A surface which can be reduced to an essential surface that is detected by the character variety in the sense of [17] will be called weakly dual to an ideal point of a curve in the character variety.
Theorem 4 Let M be the interior of a compact, orientable 3-manifold with non-empty boundary consisting of a disjoint union of tori, and let
(1) The action on T N is non-trivial if an ideal point of the character variety is approached by the sequence {χ T (Z i )} in the sense of Morgan and Shalen.
(2) If ξ has rational cooordinate ratios and for some γ ∈ π 1 (M ), {|χ i (γ)|} is unbounded, then S(ξ) is non-trivial and (weakly) dual to an ideal point of a curve in the character variety of M .
The results described in this paper hold in a fairly general setting (the main restriction is that the 3-manifolds have toral ends), and they can be applied successfully to non-hyperbolic 3-manifolds. However, the nicest picture arises Figure 2 : A normal surface develops in a degenerating ideal triangulation: shown are one tetrahedron which degenerates (to the left) and one which does not (to the right). This figure is based on Figure 4 in [16] .
in the case where an ideal point is approached through positively oriented ideal hyperbolic triangulations. The tetrahedra associated to the degeneration become very long and thin, and in certain cases, a surface is expected to develop in the thin part, along which the manifold will split apart. The surface naturally inherits a cell decomposition as a normal surface with respect to the ideal triangulation. In this case, one obtains a splitting of the limiting DehnThurston surgered 3-manifold along Euclidean (possibly cone) 2-manifolds into 3-dimensional pieces, each of which is either a hyperbolic (possibly cone) 3-manifold or a Seifert fibered manifold; the details are worked out in [20] using angle structures and standard spines.
The reader may like to refer to the example of the figure eight knot complement in Section 6 whilst reading parts of this paper.
The Deformation variety
Assume that M is the interior of a compact, orientable 3-manifold with nonempty boundary consisting of a disjoint union of h tori, fix any topological ideal triangulation T of M, and let n be the number of tetrahedra in T . Theorem 1 follows from the statements of Propositions 5 and 6, as well as Lemmata 8 and 9. Theorem 2 is proved in Section 2.7. Please consult [14, 16, 11] for the following material. An ideal hyperbolic tetrahedron σ h is (up to orientation preserving isometry) uniquely determined by edge invariants, called shape parameters. Shape parameters are complex numbers in C − {0, 1}, and arise from the fact that the intersection of σ h with a small horosphere based at one of its vertices is a Euclidean triangle whose similarity class determines σ h . Following [14] , this triangle is viewed from the ideal vertex. A geometric argument shows that opposite edges of σ h have the same parameter, and if the labelling is as in Figure 3 (a), then the three invariants satisfy:
Conversely, any solution (z, z ′ , z ′′ ) to the above equations determines an ideal hyperbolic tetrahedron up to orientation preserving isometry. Any edge invariant uniquely determines the other two; for z ∈ C − {0, 1}, one has:
Let
, and negatively oriented if ℑ(z) < 0. This terminology is independent of the chosen edge invariant.
An ideal hyperbolic tetrahedron can be deformed by varying its shape parameters smoothly. It degenerates when it is deformed such that one of its shape parameters converges to zero, one or infinity on the Riemann sphere. In this case, the triple (z, z ′ , z ′′ ) approaches a cyclic permutation of the triple (0, 1, ∞). An ideal hyperbolic triangulation is said to degenerate if it is deformed so that at least one of its ideal simplices degenerates.
Deformation variety
Consider the topological ideal triangulation T of M. Let the ideal tetrahedra be {σ 1 , . . ., σ n }, and note that there are exactly n edges e 1 , . . ., e n in T since χ(M ) = 0. As in [19] , edge labels z i , z ′ i , z ′′ i are assigned to each σ i , and now thought of as complex parameters. Thus, each σ i can be given a hyperbolic structure if and only the edge labels satisfy the relations:
. ., z ′′ n ) subject to the above system of 3n equations, let T Z be the triangulation where the structure of an ideal hyperbolic tetrahedron is put on each σ i as specified by the edge invariants, and the tetrahedra are isometrically glued face to face as in T . The hyperbolic structures on the tetrahedra in T Z fit together to give a (possibly incomplete) hyperbolic structure on M if Z ∈ π 3n + and the tetrahedra abutting an edge "close up", as Neumann and Zagier put it. Algebraically speaking, it is required that the sum of dihedral angles at each edge e j is equal to 2π, and that the following hyperbolic gluing equation is satisfied:
where, as in [19] , a (k) ij is the number of times e j has label z (k)
i . The exponents are therefore contained in the set {0, 1, 2}.
Parameter relations are represented as elements in C[z
and similarly for the hyperbolic gluing equations:
The deformation variety D(M ; T ) is the variety in (C − {0}) 3n defined by the hyperbolic gluing equations together with the parameter relations.
Incomplete hyperbolic structures
The following result is probably well known, though it is worth pointing out, since it is not assumed that there is a point Z 0 ∈ D(M ; T ) corresponding to a complete hyperbolic structure on M, and solutions are also not required to be near such a point. Proof Choose disjoint isometric embeddings of the tetrahedra in T Z into IH 3 , and realise the face pairings by restrictions of isometries of IH 3 . The resulting identification space will be homeomorphic to M. Moreover, if the angles around each edge add up to exactly 2π, then a (possibly incomplete) hyperbolic structure is obtained on M, and viewing both T and T Z as subsets of M, one can be isotoped to the other.
If the argument of a complex number is chosen in [0, 2π), then
Moreover, the argument of each edge parameter is the dihedral angle along the edge. The hyperbolic gluing equation of the edge e j :
implies that the sum of arguments satisfies:
for some integer n j > 0. Recalling that the number of edges equals the number of tetrahedra, summing over all edges gives:
Since the argument of each shape parameter appears in the above sum exactly twice, the equation simplifies to:
since by assumption all tetrahedra are positively oriented and the arguments are chosen such that they add up to π for each tetrahedron. But each n j is greater or equal to one, and hence each n j must be equal to exactly 1. Thus, the sum of angles around each edge is equal to 2π, and this concludes the proof.
By symmetry, the above can be modified for Z ∈ D(M ; T ) with only negatively oriented tetrahedra. There is an obvious relationship between these solutions,
, and the corresponding hyperbolic structures are related by an orientation reversing isometry. If there is a point Z 0 ∈ D(M ; T ) ∩ π 3n + which corresponds to a complete hyperbolic structure on M, then T is said to realise this structure on M. 
Dimension
..,n has dimension n, and is in fact a complete intersection (the definition is stated after the proof).
An alternative set of defining relations for the deformation variety is therefore given by {p i , p ′ i } i=1,...,n along with the set of equations obtained by substituting the expressions (1) for z ′ and z ′′ in terms of z into the hyperbolic gluing equations:
The matrix R defined in [11] contains the coefficients of z i and (1 − z i ) from the above equations. It is shown in [9] that R has rank n − h. The following additional observation will be needed.
Claim There are n − h rows of R such that every other row is an integer linear combination of these rows.
Proof of Claim Let X = (x ij ) 1≤i≤h,1≤j≤n such that x ij is the number of vertices e j has on the end of M corresponding to T i . It is shown in [11] that X has rank h and that XR = 0.
Each column of X contains either the entry 1 twice and zero in the remaining positions, or the entry 2 once and zero elsewhere. Denote the rows of R by R 1 , . . ., R n . We obtain h linear combinations X i = n j=n x ij R j for i = 1, . . ., h. If x ij = 2, then R j only occurs in X i with non-zero coefficient. Thus, if for some i, all coefficients x ij ∈ {0, 2}, then the rows with non-zero coefficient only occur in X i . We then divide X i by 2 and solve for any occuring row without affecting the other linear combinations. Now assume that x ij 0 = 1 for some j = j 0 . Then there is exactly one k = i such that x kj 0 = 1. Solving X i for R j 0 , and substituting into X k gives 0 = X k − X i , where all coefficients are contained in {0, ±1, ±2}. Moreover, all rows with coefficient ±2 do not occur with non-zero coefficient in any X l with i = l = k. The claim now follows inductively.
Renumber the rows of R such that {R 1 , . . ., R n−h } is a basis for the row space with the property that any other row is an integer linear combination of rows in {R 1 , . . ., R n−h }, and renumber the monomials r j accordingly. 
Recall that V (f i ) i denotes the variety defined by {f i = 0} i . A variety is called a complete intersection if it can be written as
is with codimension one. The above proof implies:
Corollary 7 Let M be the interior of an orientable compact 3-manifold with non-empty boundary consisting of h tori, and let T be an ideal triangulation of
M. If D(M ; T ) is irreducible of dimension h, then it is a complete intersection variety.
Developing maps and characters
The universal cover M is given the ideal triangulation T induced by T , so that the covering projection p : M → M is simplicial. Following [21] , for each Z ∈ D(M ; T ) there is the following map Φ Z : M → IH 3 . Each ideal tetrahedron in M inherits edge invariants from Z. Choose a tetrahedron σ in M and an embedding of σ into IH 3 of the specified shape. For each tetrahedron of M which has a face in common with σ, there is a unique embedding into IH 3 which coincides with the embedding of σ on the common face and which has the shape determined by Z. Thus, starting with an embedding of σ ⊂ M , there is a unique way to extend this to a continuous map Φ Z : M → IH 3 such that each tetrahedron in M is mapped to a hyperbolic tetrahedron of the specified shape. If Z ∈ π 3n + , it follows from Proposition 5 that this is a developing map for the hyperbolic structure on M, but if some tetrahedra are flat or negatively oriented, it is still well-defined. Note that
For each Z ∈ D(M ; T ), Φ Z can be used to define a representation ρ Z : π 1 (M ) → P SL 2 (C) (see [21] ). A representation into P SL 2 (C) is an action on IH 3 , and this is the unique representation which makes
Thus, ρ Z is well-defined up to conjugation, since it only depends upon the choice of the embedding of the initial tetrahedron σ. This yields a well-defined map χ T : D(M ; T ) → X(M ) from the deformation variety to the P SL 2 (C)-character variety (when the former is not empty). It is implicit in [10] that χ T is algebraic; see [4] for details using a faithful representation of P SL 2 (C) → SL(3, C). Note that the image of each peripheral subgroup under ρ Z has at least one fixed point on the sphere at infinity.
Holonomies and eigenvalue variety
Let M ′ be a compact core of M. Each boundary torus T i , i = 1, . . ., h, of M ′ inherits a triangulation T i induced by T . Let γ be a closed simplicial path on T i . In [11] , the holonomy µ(γ) is defined as (−1) |γ| times the product of the moduli of the triangle vertices touching γ on the right, where |γ| is the number of 1-simplices of γ, and the moduli asise from the corresponding edge labels (see Figure 3) .
It is stated in [14, 11] , that µ Z (γ) is the square of an eigenvalue; one has: (tr ρ Z (γ)) 2 = µ Z (γ) + 2 + µ Z (γ) −1 . This can be seen by putting a common fixed point of ρ Z (π 1 (T i )) at infinity in the upper-half space model, and writing ρ Z (γ) as a product of Möbius transformations, each of which fixes an edge with one endpoint at infinity and takes one face of a tetrahedron to another. Choose a basis {M i , L i } for each boundary torus T i . Since µ Z : π 1 (T i ) → C − {0} is a homomorphism for each i = 1, . . ., h, there is a well-defined rational map:
The closure of its image is contained in the P SL 2 (C)-eigenvalue variety E(M ) of [18] .
be an irreducible component with the property that for some Z ∈ C and each i = 1, ..., h there exists
.., v h be a complete set of orbit representatives for the action of π 1 (M ) on the ideal points of M , and denote be P i the stabiliser of v i . Since P i ∼ = Z Z 2 or Z Z, the image ρ(P i ) has generically two fixed points w i1 and w i2 on ∂IH 3 . Choosing an image w ij for each orbit representative v i and extending to all other ideal points of M π 1 (M )-equivariantly, defines a map σ → IH 3 for each 3-simplex in M . Thus, σ inherits well-defined edge invariants if its image has four distinct vertices. If the character of ρ is in the image of ϕ, then this is the case for all ideal 3-simplices in M for at least one of the 2 h different choices of the map. The genericity follows now from the fact that σ is degenerate if and only if its shapes are contained in one of the hyperplanes at infinity defined by z = 1, z ′ = 1 or z ′′ = 1.
Non-empty deformation varieties

Lemma 9 Let M be the interior of an orientable compact 3-manifold with non-empty boundary consisting of h tori, and let T be an ideal topological triangulation of M. The variety D(M ; T ) is non-empty only if all edges of T are essential.
Proof Assume that D(M ; T ) is non-empty, and let Z be a point in it. Assume that there is an edge of T which is not essential. Then there is an edge e in M whose ideal endpoints coincide. Since an ideal hyperbolic tetrahedron is the convex hull of its ideal vertices, the map Φ Z sends e into the boundary of IH 3 . Thus, any ideal 3-simplex which contains e is degenerate; contradicting the fact that Z ∈ D(M ; T ). Then D(M ; T ) is not empty, and
Proof It suffices to show that under the hypothesis, there is a point Z 0 of D(M ; T ) which maps to a discrete and faithful character. Proposition 6 yields that Z 0 lies on an irreducible component C of dimension at least h. Its dimension cannot exceed h since (as argued in [11] ) there are only countably many geodesics in M which are asymptotic to either a cusp or a closed geodesic in each direction.
Let T be an ideal triangulation of M, and give the universal cover the induced triangulation. Let ρ be a discrete and faithful representation corresponding to the complete hyperbolic structure. A π 1 (M )-equivariant map Φ : M → IH 3 will be constructed which sends each ideal 3-simplex in M to an ideal hyperbolic tetrahedron in IH 3 .
Let σ be an ideal 3-simplex in M . Then each of its ideal vertices v is stabilised by a unique subgroup P v of π 1 (M ) which is conjugate to im(π 1 (T i ) → π 1 (M )) for some i. The subgroup ρ(P v ) of P SL 2 (C) has a unique fixed point p v on the Riemann sphere. The image of σ is therefore uniquely determined by an ordered quadruple of points on the Riemann sphere. If all these points are distinct, then the image of σ has uniquely determined shape parameters z, z ′ , z ′′ associated to its edges, and because cross ratios are invariant under orientation preserving isometries, they are independent of the choice of σ in its π 1 (M )-orbit in M . Thus, if {σ i , ...,σ n } is a complete set of orbit representatives, and each of them inherits shape parameters in this way, then there is a point Z 0 in D(M ; T ) with associated character χ ρ , since the construction guarantees that all gluing equations are satisfied, and that ρ is the corresponding face-pairing. Note that some tetrahedra may be negatively oriented or flat.
Hence assume that some orbit representativeσ i does not determine a quadruple of distinct points on the Riemann sphere. An edge e of the corresponding tetrahedron σ i in M can then be homotoped into the boundary of M because the endpoints of any liftẽ to M have identical stabiliser. The edge is therefore not essential; it is in particular not homotopic to a geodesic in M.
The above proposition includes the statement of Theorem 2, and -together with Corollary 7 -it implies the following:
Corollary 11 If M is a complete hyperbolic 3-manifold, and D(M ; T ) is irreducible, then it is a complete intersection variety of dimension h.
Ideal points and normal surfaces
Since D(M ; T ) is a variety in (C − {0}) 3n , Bergman's construction in [1] can be used to define its set of ideal points. Let
The map D(M ; T ) → B 3n defined by Z → u(Z) log |Z| is continuous, and the logarithmic limit set D ∞ (M ; T ) is the set of limit points on S 3n−1 of its image.
The sequence {Z i } is said to converge to ξ, written Z i → ξ, and ξ is called an ideal point of D(M ; T ). The triangulation T degenerates, if there is a sequence
, such that at least one of the tetrahedra in T Z i degenerates as i → ∞. Whenever an edge invariant of a tetrahedron converges to one, the other two edge invariants "blow up". Thus, an ideal point of D(M ; T ) is approached if and only if a tetrahedron degenerates.
Since the Riemann sphere is compact, there is a subsequence, also denoted by {Z i }, with the property that each shape parameter converges in C ∪ {∞}. In this case {Z i } is said to strongly converge to ξ. If ξ has rational coordinate ratios, a strongly convergent sequence may be chosen on a curve in D(M ; T ) according to Lemma 6 in [18] .
Equivalent descriptions
Let V be a subvariety of (C − {0}) m defined by an ideal J, and let C[
Bergman [1] noticed that the logarithmic limit set has the two following equivalent descriptions. It is:
1. the set of m-tuples (−v(X 1 ), . . . , −v(X m )) as v runs over all real-valued valuations on C[X ± ]/J satisfying v(X i ) 2 = 1, and 2. the intersection over all non-zero elements of J of the spherical duals of their Newton polytopes (see [1, 18] for details). As noted in [1] , the spherical dual of the convex hull of a finite subset F ⊂ Z Z m of cardinality r is a finite union of convex spherical polytopes. It is the union over all α 0 , α 1 ∈ F of the set of ξ satisfying the 2r inequalities
where α ranges over F. This will be used in calculations below.
The relationship with normal surface theory
Recall the description of the hyperbolic gluing equation (2) of e j :
and the Q-matching equation [19] of e j :
To state the relationship between these sets of equations, let
be the exponent matrix of the hyperbolic gluing equations, and
be the coefficient matrix of the Q-matching equations. Let
and let C n be the (3n × 3n) block diagonal matrix with n copies of C on its diagonal. Then C n = −C T n , and
The deformation variety D(M ; T ) is not defined by a principal ideal, hence its logarithmic limit set D ∞ (M ; T ) is in general not directly determined by its defining equations (see [18] for details). However, it is contained in the intersection of the spherical duals of its defining equations:
In order to give a description of D ? (M ; T ), consider first the intersection:
A calculation using the equations (7) shows that each point in S n is made up of n coordinate triples, each of the form (0, x, −x), (−x, 0, x) or (x, −x, 0), where x ≥ 0. (If x > 0 these correspond to the cases where z ′ → ∞, z ′′ → ∞ or z → ∞ respectively.) Similarly, one obtains that each hyperbolic gluing equation gives rise to the intersection of S n with a hyperplane, leaving all ξ ∈ S n such that (a 1j , a
Thus, D ? (M ; T ) is the intersection of S n with the nullspace of A. Proof The set N (M ; T ) is the collection of all elements in the nullspace of B with the property that at most one quadrilateral type has non-zero coordinate for each tetrahedron, all coordinates are ≥ 0, and their sum is equal to 1. This set may be projected from the unit simplex onto the sphere of radius 1/ √ 2 centered at the origin in IR 3n , and, for simplicity, this set is also denoted by N (M ; T ).
The map C T n takes N (M ; T ) to the unit sphere S 3n−1 , where D ? (M ; T ) is found, since the following correspondence between the i-th coordinate triples holds:
Thus, if z ∈ N (M ; T ) satisfies ||z|| 2 = 1/2, then ||C T n z|| 2 = 2||z|| 2 = 1. Furthermore, given z ∈ N (M ; T ), one has C T n z ∈ S n , the set containing
The kernel of C T n is generated by the vectors with (1, 1, 1) T in the i-th triple and 0 in the other positions. It follows that different admissible solutions cannot differ by an element in the kernel. The linear map is therefore 1-1.
Since every element in S n has a unique inverse image under C T n , any ξ ∈ D ? (M ) can be taken to a normal Q-coordinate N (ξ) using (15) . Thus, ξ = C T n N (ξ), and hence BN (ξ) = 0. This shows that the map is onto, and in fact, that there is a well-defined inverse mapping.
The proof of Proposition 12 shows that D ∞ (M ; T ) is homeomorphic to a closed subset of N (M ; T ) in a canonical way. For ξ ∈ D ∞ (M ; T ), let N (ξ) be the unique normal Q-coordinate such that ξ = C T n N (ξ). If ξ has rational coordinate ratios, one can associate a unique normal surface S(ξ) to it as follows. By assumption, there is r > 0 such that rN (ξ) is an integer solution, and hence corresponds to a unique normal surface without vertex linking components (see Theorem 7 in [19] ). One then requires r to be minimal with respect to the condition that the surface is 2-sided. The properties studied below are independent of the choice of S(ξ), but it will be convenient to refer to a surface.
Boundary curves of essential surfaces
In this section, the derivative of the holonomy of [11] is related to the linear functional ν of [19] , and used to show that the boundary curves of the spunnormal surfaces in D ∞ (M ; T ) are the boundary curves of essential surfaces which are strongly detected by the character variety. Recall that one calls the boundary slope of an essential surface associated to an ideal point of the character variety strongly detected if no closed surface can be associated to the particular ideal point.
Essential surfaces and boundary curves
An (embedded) surface S in the topologically finite 3-manifold M = int(M ) will always mean a 2-dimensional PL submanifold of M with the property that its closure S in M is properly embedded in M , that is, a closed subset of M with ∂S = S ∩ ∂M . A surface S in M is said to be essential if its closure S is essential in M as described in the following definition:
Definition [13] A surface S in a compact, irreducible, orientable 3-manifold M is said to be essential if it has the following five properties: The boundary curves of S, S ∩ ∂M , are also called the boundary curves of S.
Simplicial version of ν(γ)
It will be convenient to have a simplicial definition of the functional ν(γ) defined in [19] . Let ∆ be a triangle in the induced triangulation T i of T i . If v, u, t are the vertices of ∆ in clockwise ordering (as viewed from the cusp), and q 0 is the Q-modulus of [v, t] , and q 1 is the Q-modulus of [v, u] , then define the Q-modulus of v to be q 0 − q 1 (with respect to ∆). E.g. if ∆ is the triangle of Figure 4 (a), then the Q-modulus of the vertex with label z is q ′′ − q ′ with respect to ∆. Note that for a fixed vertex, the sum of moduli with respect to all triangles containing it is equal to the corresponding Q-matching equation. If γ is an oriented simplicial path, let ν simp (γ) be the sum of Q-moduli of vertices of triangles touching γ to the right. If γ ′ is the right hand boundary component of a small regular neighbourhood of γ, oriented in the same way as γ, then ν(γ ′ ) = ν simp (γ); hence put ν simp = ν. Let N be a solution to the Q-matching equations, and ν N (γ) be the evaluation of ν(γ) at N.
Lemma 13 [19] Let N be a solution to the Q-matching equations. The number ν N (γ) ∈ IR depends only on the homotopy class of γ and defines a homomorphism ν N : π 1 (T i ) → (IR, +).
Let − − → ν(γ) be the coefficient (row) vector of ν(γ), and − −→ µ(γ) be the exponent (row) vector of µ(γ), where (q 1 , q ′ 1 , q ′′ 1 , . . ., q ′′ n ) and (z 1 , z ′ 1 , z ′′ 1 , . . ., z ′′ n ) are the respective coordinate systems. Then:
Proof It it sufficient to verify the relationship for vertex moduli, and hence for the vertex labels of the triangle in Figure 4 . If γ touches the vertex with label z to the right, then the contribution to µ(γ) is z, and the contribution to ν(γ) is q ′′ − q ′ . Similarly, z ′ corresponds to q − q ′′ and z ′′ to q ′ − q.
Describing this relationship for coordinate triples using C gives: (1, 0, 0)C T = (0, −1, 1), (0, 1, 0)C T = (1, 0, −1), and (0, 0, 1)C T = (−1, 1, 0). This proves the lemma.
Strongly detected boundary curves
Proposition 15 Let M be the interior of a compact, irreducible, orientable 3-manifold with non-empty boundary consisting of tori, and let T be an ideal triangulation of M. Let ξ ∈ D ∞ (M ; T ) be a point with rational coordinate ratios, and assume that S(ξ) is not closed. Then there is an essential surface in M dual to an ideal point of a curve in the character variety of M which has (up to projectivisation) the same boundary curves as S(ξ). Moreover, these boundary curves are strongly detected.
Proof Fix a basis {M i , L i } for each boundary torus T i of M, and denote the resulting coordinates for
be an ideal point with rational coordinate ratios. Lemma 6 of [18] provides a curve C in D(M ; T ) such that ξ ∈ C ∞ . Moreover, there is α > 0 such that αξ defines a normalised, discrete, rank 1 valuation v ξ on C(C):
Indeed, one may choose α > 0 such that the above is an integer valued vector whose entries have no common divisor. Then the normal Q-coordinate of S(ξ) is αN (ξ) or 2αN (ξ). Therefore denote αξ and αN (ξ) by ξ and N (ξ) respectively.
For each boundary torus T, and each γ ∈ im(π 1 (T ) → π 1 (M )), there are g 1 , . . ., g ′′ n ∈ Z Z such that:
Recall that ξ = C T n N (ξ) and C n = −C T n . Using this and Lemma 14, one has:
Thus, restricted to the boundary, v ξ µ = −ν N (ξ) , and in particular, since S(ξ) is not closed, the eigenvalue of at least one peripheral element blows up. This implies that the restriction e : C → E(M ) is not constant, and its image is therefore a curve C ′ ⊂ E(M ). Denote the ideal point of C ′ corresponding to ξ by ξ ′ . A corresponding normalised, discrete, rank 1 valuation v ′ of C(C ′ ) at ξ ′ is obtained as follows. If
contains a pair of coprime integers, define
Otherwise, let d denote the greatest common divisor of the entries in (16) , and then define
In either case, one obtains a valuation of C(C ′ ) with the desired properties.
Culler-Shalen theory can be applied using ξ ′ and v ′ . Lemma 14 of [18] yields that the projectivised boundary curves of an essential dual surface are given by:
This proves the claim since the latter gives the projectivised boundary curves of S(ξ) according to equation (3) in [19] .
The above proposition only concerns the boundary curves of a normal surface, and its proof uses the know results from [7] . The next section gives an independent proof of the fact that the non-compact normal surfaces involved are indeed non-trivial.
Action on the limiting tree
Let ξ ∈ D ∞ (M ; T ), and fix a sequence {Z i } in D(M ; T ) which strongly converges to ξ, so lim i→∞ u(Z i ) log |Z i | = ξ in the notation of Section 3, and each shape parameter converges in C ∪ {∞}. Denote by N = N (ξ) ∈ N (M ; T ) the image under the natural homeomorphism. If ξ has rational coordinate ratios, denote by S = S(ξ) the associated 2-sided normal surface without boundary parallel components. For each Z ∈ D(M ; T ), there is a map Φ Z : M → IH 3 as in Section 2.5. Let Φ i denote the map corresponding to Z i , and ρ i : π 1 (M ) → P SL 2 (C) be the corresponding representation.
Outline and definitions
The ideal triangulation of M = {σ 1 , ..., σ n }/ ∼ is lifted equivariantly to an ideal triangulation of the universal cover, so that M = {γσ 1 , ..., γσ n |γ ∈ π 1 (M )}/Ψ, where Ψ denotes the face pairing scheme. As in [21] , let M i be the topological space which is obtained from M by imbuing each 3-simplex σ of M with the hyperbolic structure determined by Z i such that all faces and edges are identified isometrically. Thus, if σ(Z i ) is an ideal hyperbolic tetrahedron isometric to Φ i (σ), then taking the disjoint union {σ(Z i ) : σ ⊂ M } together with the isometric face pairings induced from Ψ gives:
Note that M i may not be separable, and that there is a π 1 (M )-equivariant proper continuous map
It is shown in Section 5.4 that the Gromov-Hausdorff limit of (σ(Z i ), u(Z i )d) is a so-called dual spine S(σ), where d denotes the hyperbolic metric. The leaf space of the singular foliation F associated to ξ is described in [19] as the set of dual spines modulo an equivalence relation:
This leads to an interpretation of M / F as a limit of the sequence (
The leaf space may not be Hausdorff; identifying any two non-separable points turns it into an IR-tree T N in [19] . There is a map 
Geodesic spines
The image of each ideal (topological) tetrahedron in M under Φ i is an ideal hyperbolic tetrahedron with shape parameters in C − {0, 1} for each i. To simplify notation, assume that the simplices and parameter triples are ordered such that as Z i → ξ, the simplices σ 1 , ..., σ k degenerate with z j → 1, and σ k+1 , ..., σ n do not degenerate. A geodesic dual spine S i (σ) is constructed in σ(Z i ) for each σ ⊂ M as follows.
Let σ be an ideal (topological) tetrahedron in M , with shape parameters z, z ′ , z ′′ , such that z(Z i ) → 1 as Z i → ξ. Regard σ(Z i ) as an abstract metric space; first with the hyperbolic metric, then with this metric suitably rescaled. The labels z, z ′ , z ′′ are used for the edges of σ(Z i ) without reference to their specific values at Z i . For each edge e with parameter z, join the centres of mass of the two faces containing e by a geodesic arc and consider the common perpendicular to the z -edges. The rotational symmetry about this perpendicular interchanges the centres of mass of the two faces meeting in e, and hence intersects the geodesic between them. Let the portion of the perpendicular between the two intersection points be the axis of the geometric spine, and add geodesic half-lines going from the endpoints of the axis to the vertices as indicated in Figure 5 . Note that this spine is well-defined for any value of z, and denote it by S i (σ). Now assume that σ is an ideal simplex in M which does not degenerate. Then let S i (σ) consist of the four geodesic arcs in σ(Z i ) going from its centroid to its ideal vertices.
Gromov-Hausdorff limit
The following notions can be found in [3] , Chapter I.5. A subset A of a metric space X is said to be ε-dense if every point of X lies in the ε-neighbourhood of A. An ε-relation between two metric spaces X 1 and X 2 is a subset R ⊆ X 1 ×X 2 such that the projection of R onto each factor is ε-dense, and such that if (x 1 , x 2 ), (y 1 , y 2 ) ∈ R, then
The notation X 1 ∼ ε X 2 indicates that there is an ε-relation between them. If X 1 ∼ ε X 2 , then there is a 3ε-relation whose projection to each factor is onto. A sequence {X i } of metric spaces converges to a metric space X in the GromovHausdorff sense if there is a sequence {ε i } of non-negative real numbers such that X i ∼ ε i X, and lim i→∞ ε i = 0.
The limiting tree
Let v be an ideal vertex of an ideal triangle in IH 3 . There is a (geodesic) halfline perpendicular to the edge opposite v which terminates in v. The three perpendiculars thus obtained meet in a point inside the triangle which is called its centre of mass. The geometric spine of an ideal triangle is defined to be the union of the rays on the perpendiculars going from the centre of mass to the ideal vertices. Using the fact that all ideal triangles are congruent and that every hyperbolic triangle is contained in an ideal triangle, one can show: Proof Since σ(Z i ) is the convex hull of its vertices, it suffices to show that its faces are within distance ln 27 from S i (σ). A face is in the ln √ 3-neighbourhood of its spine, hence if the spines of all faces are in a 5 ln √ 3-neighbourhood of S i (σ), then the whole tetrahedron is in a ln 27-neighbourhood of S i (σ). To simplify notation, σ will be written instead of σ(Z i ).
Consider two faces of σ meeting in an edge e. On e are the endpoints of the perpendiculars on the faces going into the vertices not in e. The hyperbolic distance between them is precisely | ln |z(e)||. Since zz ′ z ′′ = −1, one has ln |z|+ ln |z ′ | + ln |z ′′ | = 0. Put d j = ln |z (j) |. For z sufficiently close to one, d 1 > 0 and d 2 < 0 since z ′ → ∞ and z ′′ → 0. Assume without loss of generality that
Label the vertices of σ by v 0 , ..., v 3 such that v 0 and v 1 are the endpoints of an edge e with parameter going to one. Consider the face opposite v 3 , and denote its centre of mass by c. It needs to be shown that the geodesic rays [c, v i ], i = 0, 1, 2, are within distance 5 ln √ 3 from S i (σ). Denote the singularities of S i (σ) by s 0 and s 1 , such that s 0 is on the geodesic segment joining c to its "opposite" centre of mass. Let p be a point on [c 3 , v 2 ] which is at most distance ln √ 3 from the endpoint of the perpendicular bisector through v 3 on a face containing the edge [v 2 , v 3 ]. This point exists by the previous lemma. The following inequalities can be read off from Figure 6 : , and hence this must be true for the whole segment. This completes the proof for the particular face, and, by symmetry, for all faces.
Lemma 18
There is a constant C(ξ) and
Proof As Z i → ξ, we have z j (Z i ) → 1 for all j = 1, ..., k , and hence ln |z j (Z i )| → 0. Thus, there exists i 0 , such that | ln z j (Z i )| ≤ ln 3 for all j = 1, ..., k and for all i ≥ i 0 . Lemma 17 states that in this case S i (σ) is ln 27-dense in each σ which degenerates. If all tetrahedra degenerate, then i 1 = i 0 and C(ξ) = ln 27 satisfy the requirements. Hence assume that k < n. For each j ∈ {k + 1, ..., n} choose an ideal hyperbolic tetrahedron of the limiting shape lim i→∞ z j (Z i ), and construct the dual spine. Let D be the maximum over the distances of the centroids to the respective singularities on the faces. Then for each limiting tetrahedron, the dual spine is (D + ln 3)-dense. Let E = D + ln 9. Since the distances of the centroids to the singularities of faces vary continuously, there exists i 2 such that for all z j , j ∈ {k + 1, ..., n}, and all i ≥ i 2 , the dual spine is E -dense. Putting C(ξ) = max{ln 27, E} and i 1 = max{i 0 , i 2 } completes the proof.
The dual spine of [19] is defined as follows. If the parameter of σ is determined by the coordinate z j , then let S(σ) be an abstract IR-tree consisting of a closed interval of length ξ 3j−1 with two copies of [0, ∞) attached at each of its endpoints.
There is a null-sequence {ε i } of positive real numbers such that for each ε i there is a
Proof Let j ∈ {1, ..., k}, and σ ⊂ M a simplex with corresponding parameter
Label the singularities of S(σ) by S 0 and S 1 , and its four ideal vertices by
is defined as follows. Label the ideal vertices and the singularities of the dual spine of σ(Z i ) with reference to σ, so that they are chosen consistently for all i. Then define R between G i (σ) and S(σ) by including (s i , S i ), and extending the relation isometrically on the infinite ends, and by scaling linearly on the intervals between the singularities.
The projection of R to the second factor is onto, and the projection to the first factor is u i C(ξ)-dense, and in particular δ i -dense. Since the ends are identified isometrically, the maximal length distortion occurs on paths containing both singularities. One has:
Whence R is a δ i -relation between (σ(Z i ), u(Z i )d) and S(σ). A similar argument applies to the tetrahedra which do not degenerate. 
Proof To show that the proposition follows from Lemma 19, one needs to show that the limiting "face pairings" amongst the dual spines give the equivalence relation described in [19] . This follows from the following two observations. The limit of each face is of the shape of a Y, and since the gluings of faces are by isometries, two Y shapes are identified isometrically along rays corresponding to the edges of tetrahedra. An isometric gluing identifies the centres of mass of the faces, which correspond to the vertices of the Y shapes. Hence the singularities glue up, and the identification is isometrically along the three infinite rays.
The above does not show that the sequence {( M i , u(Z i )d)} converges in the Gromov-Hausdorff sense to M / F or T N (though this is true for arbitrarily large simplicial subsets), but it gives a useful device for comparing the action on T N with the limiting action on IH 3 . This is similar to the situation in [2] .
Translation length functions
This section continues with the notation introduced in Section 5.1, and also uses the notation and terminology from Section 3 in [19] . For each γ ∈ π 1 (M ), consider the following two translation lengths:
where d N denotes the distance function on T N .
Proposition 21
For each γ ∈ π 1 (M ), the sequence {u(Z i )l I H (ρ i (γ))} contains a convergent subsequence, and its limit l ξ (γ) satisfies:
Proof Let x ∈ M , andγ be a path from x to γx in M . Then:
The map M i → Φ i ( M ) restricts to an isometry on each ideal tetrahedron, so length(Φ i (γ)) = length(f i (γ)), and one has
Recall from [19] that a path is called admissible if it consists of finitely many sub-paths each of which is either contained in a leaf or is transverse to the foliation, and that the distance between two points in T N is the infimum over the measures of all paths connecting them; the transverse measure is denoted by µ. Any path can be deformed into an admissible path without increasing the measure.
Let p ∈ T n , and assume that x ∈ M is a preimage of p. Then for any ε > 0 there is an admissible pathγ in M joining x and γx, such that
The path can be subdivided into t sub-paths for some t ∈ IN, such that each of them is contained in an ideal tetrahedron.
According to Lemma 19, for some n ∈ IN and all i > n and all σ ⊂ M , there is a ε i -relation between σ(Z i ) and S(σ) with ε i < ε. This relation extends to a surjective (3ε i )-relation, and the properties of the Gromov-Hausdorff limit imply that:
Since ε > 0 is arbitrary, inequality (24) implies:
where the infimum is taken over all paths from x to γx. Hence the sequence {u(Z i )l I H (ρ i (γ))} is bounded, and since p ∈ T N is arbitrary, the conclusion follows.
The above proposition gives a necessary condition (l ξ = 0) for the action on T N to be trivial, and a sufficient condition (l ξ = 0) for the action to be non-trivial. The latter is first translated into a condition only involving information from normal surface theory, and then into a general statement linking the ideal points of the deformation variety to the compactification of the character variety due to Morgan and Shalen.
The relationship between the growth rates of parameters and the valuation of squares of eigenvalues of peripheral elements described in the proof of Proposition 15 gives that ν N (γ) = 0 implies l ξ (γ) > 0.
The result now follows from Proposition 21.
The above proof generalises immediately to give a proof of the first part of Theorem 4.
Dual surfaces
Throughout this section, assume that ξ has rational coordinate ratios, and recall that S(ξ) is a 2-sided surface. In this case T N = M / F , and it can be rescaled so that it contains the dual (simplicial) tree T S of the lift of S = S(ξ) to M as a subtree. For details see [19] , Section 3.2.
A surface is non-trivial if it is essential or can be reduced to an essential surface by performing compressions and then possibly discarding some components. Each vertex stabiliser of the action on T S is conjugate to the image under the inclusion map Proposition 23 Let {Z i } be a sequence strongly converging to ξ, and χ i = ϕ T (Z i ).
(1) The sequence {χ i |C} converges in X(C) for each connected component
(2) The sequence {χ i |S j } converges in X(S j ) to a reducible character for each connected component S j of S. (23) implies that {χ i |C} is contained in a compact subset of X(C). To prove that there is a unique accumulation point, some terminology and observations are needed.
In particular, if for some
The normal surface S divides each tetrahedron into several types of regions. A region which contains two normal isotopic discs is a trivial I -bundle over a normal disc and will be called a slab. A region which is not a slab is a vertex region if it is a corner cut off by a triangle, otherwise it is a thick region.
Assume that C contains some thick region. This region meets some face of an ideal tetrahedron σ in M in a truncated triangle. Choose a lift of this face to M and denote it by F. Define the maps Φ i such that F is sent to the ideal triangle [0, 1, ∞] for all i. Each region is associated to a vertex on a dual spine as in Section 3.2 of [19] . Let p be the vertex corresponding to the centre of mass of F. Let γ be an element of the group Γ in the conjugacy class of the image im(π 1 (C) → π 1 (M )) which stabilisesC ⊂ M . Then γ(p) is contained inC and hence within bounded distance of the vertex corresponding to another region ofC, say p ′ . There is a finite sequence of adjacent regions and their vertices p = p 0 , . . ., p k = p ′ such that the regions corresponding to p j and p j+1 are identified along a face of some tetrahedron in M . As the tetrahedra degenerate, the images of p j and p j+1 under Φ i stay within bounded hyperbolic distance for all i, and hence p and p ′ stay within bounded hyperbolic distance. Thus,
, and the sequence {ρ i (γ)} converges since it only depends on the limiting shapes of the tetrahedra and the combinatorial gluing data. Since γ was chosen arbitrarily, the sequence {ρ i | C } converges algebraically, and the conclusion follows since choosing a different developing map changes the representation by conjugation.
Assume that C contains no thick region. If it contains a vertex region, then it must be entirely made up of vertex regions, so its boundary is a vertex linking surface; S contains no such component. If it contains a slab region, then it must be entirely made up of slabs, in which case it is either a trivial or a twisted Ibundle over a normal surface, and S j ⊆ ∂C for some j. Both cases follow from the second assertion of the lemma; the first trivially, the second from the fact that χ i |C is uniquely determined by χ i |S j since [π 1 (C) : π 1 (S j )] = 2 and (tr A) 2 = tr(A 2 ) − 2 for each A ∈ SL 2 (C).
A normal disc in S is called bad if it is contained in the boundary of some thick region. If S contains no normal isotopic components, then each connected component of S meets some thick region in a bad disc. Thus, if S j does not contain a bad disc, one may replace it by a normal isotopic component for the purpose of proving the assertion. Associated with the thick region met by S j is a centre of mass of some face in T . Define the maps Φ i such that a fixed lift of this face is sent to the ideal triangle [0, 1, ∞] for all i. Similar to the above, using the edges in dual spines associated to S j , one sees that {ρ i | S j } converges algebraically. Since the limiting representation of π 1 (S j ) fixes a vertex of [0, 1, ∞], it is reducible.
The last part of the lemma follows from the fact that the sequence {Z i } may be chosen on a curve in D(M ; T ) and the sufficient condition (l ξ = 0) for the action to be non-trivial, together with a well-known line of arguments which can be found in [13] or [17] , Section 3. Note that the map to the Bass-Serre tree may not be an isometry (even up to scaling and restriction to maximal invariant subtrees).
The following is an immediate consequence of Corollary 22 and Proposition 23.
Corollary 24 If S(ξ) is spun-normal, then S(ξ) is non-trivial and (weakly) dual to an ideal point of a curve in the character variety.
which determines a single Q-matching equation:
This agrees with [19] . One can also work out the induced triangulation of the torus end and determine standard generators for the peripheral subgroup, giving ν(L) = −2q − 2q ′ + 4q ′′ and ν(M) = −p ′ + p ′′ − q + q ′′ . The set N (M ; T ) is 0-dimensional, its elements are scaled to integer solutions and listed in Table 1 . All normal surfaces corresponding to these solutions are once-punctured Klein bottles. Since D(M ; T ) = ∅, its follows from the symmetries that 
Face pairings
A presentation of the fundamental group can be worked out from the triangulation, and simplifies to:
Furthermore, M is a meridian, and the corresponding longitude is
Let a fundamental domain for M be given by embedding the tetrahedra in IH 3 as indicated by the vertex labels in Figure 8 . The face pairings associated to Z = (w, w ′ , w ′′ , z, z ′ , z ′′ ) ∈ D(M ; T ) are defined by assignments of the following ordered triples:
Z . From above face pairings and the equation z(z − 1)w(w − 1) = 1, one obtains representations into P SL 2 (C) by putting
This is in fact a representaton into SL 2 (C), and the lower right entries in M and L correspond to square roots of the holonomies given by Thurston in [14] , where µ(M) = w(1 − z) and µ(L) = z 2 (z − 1) 2 . The image of D(M ; T ) in the P SL 2 (C)-eigenvalue variety is parameterised by: 
Limiting characters at ideal points
Given the symmetries of M and its the triangulation, it suffices to consider a degeneration of the ideal triangulation to one of the four ideal points of D(M ; T ). The point whose associated normal surface coordinates are (0, 2, 0, 0, 0, 1) will be chosen, and "geometric" degenerations, i.e. degenerations where both tetrahedra stay positively oriented and only in the limit become degenerate will be studied. The deformation variety is birationally equivalent to the variety in C 
At the complete structure, one has w 0 = z 0 = 1 2 (1 + √ −3); hence take the solution for z with positive sign in front of the root. The desired ideal point corresponds to the degeneration w → 0. Note that then z → ∞ at half the rate. Let w = w(r) = r 2 w 0 , and obtain a power series expansion of z for r around zero using equation (26). This is of the form z(r) = w 0 r + 1 2 + ϕ(r), where ϕ(0) = 0.
All points on the path [1, 0) → D(M ; T ) given by r → (w(r), z(r)) correspond to geometric solutions to the hyperbolic gluing equations (see [14] ). The face pairings can be used to determine the limiting representations. As r → 0, one has the following limiting traces: tr ρ Z (A) → 1 and tr 2 ρ Z (M) → ∞, whilst the eigenvalue of M 4 L, which is equal to −w 2 z(1 − z) 3 , approaches one. Thus, M 4 L is a strongly detected boundary slope.
The limiting splitting of M corresponds to a splitting of M (4, 1), which is a graph manifold, along an essential torus (see [6] ). The limiting pieces admit Seifert fibered structures, and are a twisted I -bundle over the Klein bottle, S 1 , and a trefoil knot complement, S 2 . Note that in this case passing to an orientable surface introduces a certain redundancy; splitting along the Klein bottle gives a nicer decomposition.
The fundamental groups of the complementary pieces can be worked out from Figure 9 . Let K ′ be the punctured Klein bottle in M shown in Figure 9 , and let K be the corresponding Klein bottle in M (4, 1). Identify I×K with a regular neighbourhood of K in M (4, 1). Standard generators for im(π 1 (K) → π 1 (M (4, 1))) are k 1 = MA −2 M and k 2 = A −1 MA −1 . One has
Standard generators for the boundary torus of I×K are M 1 = k 1 and L 1 = k 2 2 . Generators for the complement of I×K in M (4, 1) are given by u = A and v = AMAMA −1 . One has
Generators for the boundary torus of the trefoil knot complement are M 2 = u −1 v and L 2 = u 3 (the meridian is standard, but the longitude is not).
The decomposition of the fundamental group of M (4, 1) can be worked out from the above. It is an amalgamated product of π 1 (S 1 ) = k 1 , k 2 | k 2 k 1 k This representation corresponds to a 2-dimensional hyperbolic structure on the base orbifold of S 2 , which is a (2, 3, ∞)-turnover. The limiting representation of the boundary torus is:
In order to obtain a (finite) limiting representation of S 1 , one needs to conjugate the face pairings by a diagonal matrix with eigenvalues (rw 
Description of the singular foliation
The topology of the leaves in the singular foliation F associated to the above ideal point can be determined from the normal surface data. One leaf is the once-punctured Klein bottle made up of three quadrilaterals and infinitely many triangles; the single singular leaf is made up of the four singular pieces plus one quadrilateral and infinitely many triangles -removing the triple curve yields a once-punctured Möbius band; all other leaves are twice punctured tori made up of six quadrilaterals and infinitely many triangles. An explicit description of F was found by Thurston [15] , and is given in the following commentary to Figure 10 . Thickening the surface shown in Figure 9 yields a genus-two handlebody H 1 in S 3 with the figure eight knot lying on its boundary, and H 1 minus the knot is foliated by one once-punctured Klein bottle and parallel twice-punctured tori. It remains to describe the foliation of the complementary handlebody H 2 minus the knot.
A small neighbourhood of the singular curve on the singular leaf in F is shown in Figure 10 (c). The singular curve loops through the two holes of H 1 . Near these holes, the foliation is as shown in Figures 10(b) and 10(d). So attaching a small 1-handle to each hole of H 1 which meets F in the shown product gives a ball B 1 in S 3 , with the figure eight knot contained partly on its boundary, partly in its interior. The foliation of the complementary ball B 2 minus the knot is shown in Figures 10(e) and 10(f). There is one singular leaf consisting of two boats attached along their keels, and the remaining leaves are discs. Any non-singular leaf contained in H 2 meets B 2 in exactly one discs in each of the four components of B 2 minus the singular leaf, and B 1 in six rectangles; one in each component of the 1-handles minus the singular leaf. The foliation of H 2 minus the knot by one singular leaf and parallel twice-punctured tori is now obtained by appropriately attaching two foliated 1-handles to B 2 .
